THE STABLE SET OF ASSOCIATED PRIME IDEALS OF A 
SQUAREFREE PRINCIPAL BOREL IDEAL 



ADNAN ASLAM 

Abstract. It is shown that a squarefree principal Borel ideal satisfies the persistence 
property for the associated prime ideals. For the graded maximal ideal we compute the 
index of stability with respect to squarefree principal Borel ideals and determine their 
stable set of associated prime ideals. 



Introduction 

In recent years the stable set of monomial ideals has been studied in various papers, see 
for example j2], [9], [10], [11] and [12]. By a result of Brodmann [3], for any graded ideal 
/ in the polynomial ring 5* there exists an integer k Q such that Ass(/ fe ) = Ass(/ fc+1 ) for 
k > k . The smallest integer ko with this property is called the index of stability of / and 
Ass(/ fc °) is called the set of stable prime ideals of /. A prime ideal P G lj fc>1 Ass(/ fc ) is 
said to be persistent with respect to / if whenever P G Ass(/ fe ) then P G Ass(/ fc+1 ), and 
the ideal / is said to satisfy the persistence property if all prime ideals P G [J k>1 Ass(/ fc ) 
are persistent. It is an open question whether all squarefree monomial ideals satisfy the 
persistence property. 

In this paper we show that any squarefree principal Borel ideal satisfies the persistence 
property. The strategy of the proof is the same as that applied in [9]. Indeed, by using a 
result of De Negri [6J it follows that all powers of a squarefree principal Borel ideal have 
linear resolutions. This fact together with the result that all monomial localizations of a 
squarefree principal Borel ideal are again squarefree principal Borel ideals, as shown in 
Theorem II. 2[ we conclude in Section 1 that this class of ideals satisfies the persistence 
property, see Corollary II. 31 

In Section 2 we answer the question for which squarefree principal Borel ideals the 
graded maximal ideal of S is a stable associated prime ideal. The answer is given in 
Theorem 12.11 For the proof of this result we use a formula about linear quotients from 
[U Section 2] . Then in the following Theorem 12.21 we give a precise formula for the index 
of stability of the graded maximal ideal with respect to the given squarefree principal 
Borel ideal. As a consequence of this formula we show in Corollary 12.31 that this index 
stability is bounded above by the degree of the generators of the Borel ideal. Finally in 
the last Section 3 we describe in Theorem 13.21 the stable set of associated prime ideals 
for any squarefree principal Borel ideal and conclude the paper with an explicit example 
demonstrating this theorem. 
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1. The persistence property for squarefree principal Borel ideals 

Let K be a field and S — K\ ] the polynomial ring over K in n indeterminates. 

A monomial u = x a = x^x^ ■ ■ ■ x^ 1 of degree d we often write in the form u = x ix x i2 ■ ■ • x ir 
with 1 < ix < i 2 < • • • < i r < n - The monomial u is squarefree, if deg x . {u) < 1 for all i, 
or equivalently, if i± < i 2 < ■ ■ • < i r - 

We set deg Xi (u) — di for i — 1, . . . , n, and set min(-u) = min{i ^ 0} and max(-u) = 
max{i di 7^ 0}. 

For a monomial ideal / denote by G(I) the unique minimal set of monomial generators 
of /. 

We first recall some concepts related to stable ideals. Let / be a monomial ideal in 
S generated in single degree. Then / is called a k-strongly stable ideal, if all monomials 
u E G(I) are of the form x" 1 • • ■ x°^ with a, L < k, and for all u G G(I) and all integers 
1 < i < j < n such that Xj divides u and deg^.fw) < k we have x^u/xj) G G(I). A 
monomial ideal is called a squarefree strongly stable ideal if it is a 1-strongly stable ideal. 

Let J be a /c-strongly stable ideal, then the elements ui,...,u r G G(I) are called 
Borel generators of /, if / is the smallest fc-strongly stable ideal containing ui, . . . , u r . If 
ui, . . . ,u r are Borel generators of /, we set Bk(ui, . . . , u r ) = G(I). 

Definition 1.1. A monomial ideal is called /c-strongly stable principal ideal, if there exist 
a monomial u G G(I) such that / = (B k (u)). 

Let with 1 < i 1 < i 2 < ■ ■ ■ < id < n be a squarefree monomial in S. 

We observe that 

= {x h ■ ■ ■ x jd 1 < fa < j 2 < • ■ • < jd < n and j k < i k for 1 < k < d} 

Let P be a monomial prime ideal in S. Then P is generated by a subset of {x±, ...,#„}, 
thus there exist a set A C [n] such that P = P4, where P4 = {xi i ^ A}. 

Now let I be arbitrary monomial ideal in S. Then there exist a unique monomial ideal 
I {Pa) C S*a where 5^ = if [xj iei] such that 

J(P a )5 Pa = i^ PA . 

Notice that I {Pa) m ay also be viewed as saturation of I with respect to u — YlieA x i- 
In other words 

I{P A ) = I:u 00 =\Jl:u k . 

k>0 

The ideal I {Pa) is called the monomial localization of I with respect to the monomial 
prime ideal Pa- 

Observe that for any two subsets A C B we have 

I{Pa){Pb\a) = I{Pb). (1.1) 

Theorem 1.2. Lei I C S be a squarefree strongly stable principal ideal, and A a subset 
of [n\. Then I {Pa) squarefree strongly stable principal ideal in Sa- 
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Proof. Let u = x^ ■ ■ ■ x,i d be the Borel generator of /, and let k G [n]. We first show that 
J(Prfci) is again a squarefree strongly stable monomial ideal with Borel generator v where 

f u, if k > max(w); ~\ 

v = < i . £ . i \ ■ 1.2 

[ u/x ip it ij^i < k < ij. 

Indeed, we claim that 



I(P W ) = (1.3) 

First we show that I(P{k}) is a strongly stable ideal in S{k} generated either in degree 
d — 1 or in degree d. Observe that I(P^}) is generated by the monomials w G G(I) such 
that Xk \ w together with monomials w G S{k} such that wxu G G(I). It follows that G(I) 
has generators at most in degree d — 1 and in degree d, and generated only in degree d if 
no element in G(I) is divisible by X}~. 

Suppose first that k > id- Then x fc divides no element in G(I), and hence I(P^}) = 
(Bi(u)) = (Bi(v)), and we are done. 

Next suppose that k < id- We show that each w G G(I) which is not divisible by x k is 
a multiple of a generator of of degree d — 1 in I(P^y). Let be a monomial 

in P>i(u), then ji < zi, . . . , jd < id, and suppose that Xk does not divide w. If k > jd we 
set w' = Xk(w/xj d . Otherwise there exists an integer t such that j t -\ < k < j t , and we set 
w' = Xk(w/xj t . In both cases, w' = Xk(w/xi-) belongs to I and Xk divides w'. Therefore 
w'/xk is an element of degree d— 1 in I(P{k}), and w = Xi j (w'/xi e ). In conclusion we find 
that J(P{fc}) is generated in degree d — 1 if k < id- 
It remains to be shown that (Bi(v))I(P{k}) if k < id- We first prove that (Bx(v)) C 
7(P{fc}). Since both ideals I(P{k}) and (Pi(t>)) are generated in degree d — 1 in the case 
that k < id, and since v G /(Pr^}), the inclusion (Bi(v)) C /(Pffei) will follow, once we 
have shown that I(P^ k y) is squarefree strongly stable. To see this, let w G G(I(P{k})), 
then wxk G G(I). Let 1 < « < j < n with i,j ^ k and such that Xj\w and f w. It 
follows that Xjl^^fc and Xi \ wxk- Since J is a squarefree strongly stable ideal, we have 
that Xi(wxk)/xj = (xiw/xj)xk G /, and hence Xiiu/xj G I(P{k})- This shows that I(P^y) 
is indeed squarefree strongly stable. 

Next we show that I(P{k}) C (Bi(v)), let w = x^ ■ ■ ■ xi d _ 1 G L7(/(P{fc})). Then wife = 
• • -xit-tXkXh " " '^ d -i e ^(-^)> where < k < l t for some t. As / is a squarefree 
strongly stable principal ideal with Borel generator it follows that /i < 

ii,...,/ t _i < it-\,k < i t ,k < it+i- ■ ■ ■ , ld-i < To show that v is the unique Borel 
generator of J(P{fc}), it suffices to show that 

h<h,..., < ij-i, lj < ij+i- l d -\ < id- (1.4) 

Suppose t < j, then < k < i t < ij-i, a contradiction. Therefore t > j, and the 
inequalities (11.4j) are satisfied and this proves our claim. 

Finally we consider the general case. Let A = {ji,---,j r } C [n], and set P = 
{ji, ■ ■ ■ ,jr-i}- We proceed by induction on r. If r = 1, then the statement follows from 
what we have already shown. Let B = {ji, . . . , j r -i}. Then B C A and I(PB){P{j r }) = 
I (Pa)- By our induction hypothesis, I(Pb) is a squarefree strongly stable principal ideal 
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in Sb- Hence the desired conclusion follows from the case discussed in the first part of 
the proof. □ 

A prime ideal P £ V(I) is said to be a persistent prime ideal of /, if whenever P £ 
Ass(/ fc ) for some exponent k, then P £ Ass(/ fc+1 ). If this happens to be so for k, then 
of course we have P £ Ass (J ) for all I > k. The ideal I is said to have the persistence 
property if all prime ideals P £ [J k Ass(/ fc ) are persistent prime ideals. 

Corollary 1.3. Let I be squarefree strongly stable principal ideal. Then I satisfies the 
persistence property. 

Proof. Let P £ Ass(J fc ) for some k > 0. Since / is a monomial ideal it follows that P 
is a monomial prime ideal. Therefore there exist a subset A C [n] such that P = Pa- 
One has Pa £ Ass(/ fc ) if and only if m £ Ass(/(PA) fc ), where m is the graded maximal 
ideal of Sa- We know that m £ Ass(/(PA) fc ) if and only if depth(/(P4) fc ) = 0. Since 
/ is a squarefree strongly stable principal ideal, Theorem 11.21 implies that I(P) is again 
a squarefree strongly stable principal ideal. In [6, Proposition 3.4], De Negri has shown 
that powers of squarefree strongly principal ideals are fc-strongly stable principal ideals. 
Therefore, since for all I, I(Pa) 1 are fc-strongly stable principal ideals, it follows from [5j 
Theorem 2.1] that I(Pa) 1 has a linear resolution for all I. Now applying [8j Proposition 2.1] 
we have that depth(I(P A ) 1 ) > depth (J(Pa)' +1 ) for all I. In particular, if m £ Ass(/(P 4 ) /c ) 
then m £ Ass{I{P A ) k+1 )- This implies that P A £ Ass(7 fc+1 ), as desired. □ 

2. When is the maximal ideal a stable associated prime ideal? 

The following theorem give an answer to the question raised in the title of this section. 
The trivial case that u = x\ will not be considered in the following discussion. 

Theorem 2.1. Let I C S = K\ ] be squarefree strongly stable principal ideal 

with Borel generator u ^ X\. Then m £ Ass(/ fc ) for some k > 1 if and only ifmm(u) > 1 
and max(-u) = n. 

Proof. Let u = ■ ■ ■ x^ d , with 1 < i\ < ■ ■ • < < n. First we show that, if max(w) < n 
then m ^ Ass(/ fc ) for all k > 0. By using [6, Proposition 3.4], I k is a k- strongly stable 
principal ideal with Borel generator u k . 

Let B>k{u k ) = {ui, . . . ,u r }. We may assume that Ui >i ex Uj for % < j. Then by [H 
Section 2], one has 

Oi, . . . , Ui-t) : Ui = ({xj : 1 < j < max(Mj) - 1} (2.1) 

- {xj £ Supp(wi) : deg x .(ui) = k}). 

Let q(I k ) be the maximal of the number of generators of {u\, . . . , : U{ for % = 1, . . . , r. 
By [SI Eq. 1] it is known that depth(S'// fc ) = n — q(I k ) — 1. Since max(u) < n, we also 
have max(tij) < n for all i. It follows therefore from (12. ip that q(I k ) < n — 1. Hence, 
depth(5// fc ) > 0, and so m ^ Ass(/ fc ). 

Now we show that if min(u) = 1, then m ^ Ass(/ fc ). In this case, u = x\Xi 2 ■ ■ ■ X{ d 
with 1 < %2 < ■ ■ • < id < n and d > 2, because u ^ x\. Since min(it) = 1, we have 
degj. (iti) = k for all i. It follows therefore from (12. ip that q(I k ) < n — 1. Therefore, 
depth(S'// fc ) > 0, and hence m ^ Ass(J fc ). 
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Finally suppose that max(w) = n and min(w) > 1. Then where 
1 < Zi < io < ■ ■ ■ < i r < n — 1. Let k > r. Then the element v = x\x k ~ x x k ~ x ■ ■ ■ x k ^ 1 x k , 
belongs to G(I k ). Hence there exists an integer % such that v = itj. Therefore formula 
( 12 ,ip implies that q(I k ) = n — 1. As a consequence, we have depth(S '/ I k ) = 0, and hence 
m G Ass(7 fc ). □ 

Let as before 7 = (Bi(u)) and assume that min(w) > 1 and max(w) = n. Then 
u = Xi ± Xi 2 ■ ■ -Xi d l x n with 1 < i\ < %i < ■ ■ ■ < i<i-i < n. In the following we want to 
determine the smallest integer k for which m G Ass(J fc ). To do this we have to introduce 
some notation. We write the set . . . , id-i, n} in a unique way as a disjoint union of 
intervals. In other words, 

in 

{it, n} = (J [a,j, bj] with a, < bj < a j+1 < b j+1 for j = 1, . . . , m - 1. 

3=1 



The number 



l i + if j < m; , 2 ^ 

J ' n — a m , if j = m. v • / 



is the length of interval [a,, 6j] for j < m, and Z m is the length of the last interval minus 
one. 

Similarly we define the length of the gap intervals 

k s = { ai ~!' , [ l J = ! ; (2.3) 

Let I C S be monomial ideal and P C S 1 be a monomial prime ideal. Suppose that 
P G Ass(/ fc ) for some k. We denote by A(P; I) the smallest index for which this is the 
case, and set A(P; 7) = oo if P ^ Ass(7 fc ) for all fc. The number A(P; 7) is called the index 
of stability of P with respect to 7. 

Theorem 2.2. Let I be a squarefree strongly stable principal ideal with Borel generator 

x^x^ ■ ■ ■ Xi d _ x x n with 1 < i\ < i 2 < ■ ■ ■ < ia-i < n - 

With the notation introduced in U.ty) and A2.3\) for the length of the intervals and gap 
intervals of the sequence {i 1 ,i 2 , . . . , id-i, n>}, we have 

A(m;7)= max { [ h + ] 2 + ' ' ' + l > 1 + l| (2.4) 



j=l,...,m 



h + k 2 + --- + k 



Proof. By [8j Equation 1], m G Ass(7 fc ) if and only if q(I h ) = n — 1. So we want to 
find the smallest integer k for which q(I k ) = n — 1. In other words, we have to find the 
smallest integer k for which there exist a monomial v G B>k(u k ) with the property that 
deg*, ( v ) < k for j = 1, . . . , n - 1. 

If f G Bk(u k ) with deg^f) < for all i < n. Then t> must be of the form 

771 

«=ir n x ? n 

s=l ie[fc s -i+l,a s -i] iG[a 3 ,6 s ] 
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where all c i} di < k, except possibly d m which may be equal to k, where b is defined to 
be 0, and where 

8=1 ie[6 s -i+l,a s _i] s=l ie[a s ,6 s ] 

for all j = 1, ... , m. Since 

3 

(h+k 2 +---+k j )(k-i)>j2 Ci > 

s=l i6[6 a _i+l,o 8 _i] 



and 



it follows that 



This shows that A(m; I) > max 



/l + h H h < ^2 Yl ( k ~ d i) 

j=s ie[a s ,b s ] 

(ki + k 2 + --- + kj){k - l)>h + l 2 + '-- + lj. 



■j=l,...,m 



1 



ki+k-2A \-kj 

In order to prove the opposite inequality, we let k be the maximum on the right hand 
side of the above inequality. Then there exists q < k such that 

3 

Ci > h + 1 2 + ■ ■ ■ + ij 

8=1 ie[6 s _i+l,a»-i] 

for all j = 1, . . . , m. This implies that 

rn 

«=ri( n x i n 

8=1 ie[b s -l+l,a s -i] ie[a s ,6 s ] 

belongs to Bk(u k ), and shows that A(m; I) < k. □ 

Corollary 2.3. Let u G i^fxi,:^, . . . ,x n ] be a squarefree monomial of degree d, and let 
I be the squarefree strongly stable principal ideal with Borel generator u. Assume that 
A(m; I) < oo. Then 

(a) A(m;J) < d. 

(b) A(m; I) = d if and only if u = x 2 x^ ■ ■ ■ XdX n . 

Proof, (a) Since l\ + l 2 + ■ ■ • + l m — d — 1, the maximum value of [ fc ^^^ ^ ] is at most 

d—1. Hence (E3D implies A(m; I) < d. 
(b) Let w = x 2 xz ■ ■ -XdX n . Then by (12. 41) . 



A(m; 7) = r^-l+l = d- l + l = d. 

Now let u 7^ x 2 X3 ■ ■ -XrfX n . Then either &i > 2, or there exists a 1 < j < m such that 
kj > 1. So the maximum value of [ ^^'.'.'.^. 1 is less than d—1, and hence by (12.41) . 
A(m; I) < d. ' □ 
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Corollary 2.4. Given an integer d > 2. Then for any integer 2 < i < d, there exists 
a squarefree monomial u of degree d in 2d — i + 1 variables such that A(m; I) = i for 
I = B x {u). 

Proof. Choose the monomial u = (Y[]=2 x j YYj=i x i+2j) x 2d-i+x- D 

3. The stable set of prime ideals 

Let / be a squarefree strongly stable principal ideal with Borel generator u = x^ ■ ■ ■ x% d . 
In this section we want to determine the subsets A = {ki < ■ ■ ■ < k s } of [n], for which 
the prime ideal Pa belongs to Ass oc (J). 

We have seen in Theorem 11.21 that I {Pa) is a squarefree strongly stable principal ideal. 
We denote its Borel generator by ua- We observe that 

max(-UA) > max(%) for A C B C [n]. (3.1) 

For the main result of this section we need the following results. 

Lemma 3.1. Let u = Xi 1 Xi 2 ■ ■ -Xi d and A = {ki < k 2 < ■ ■ ■ < k s } with k s < i d . Then the 
following conditions are equivalent: 

(a) maxfu^) < i d . 

(b) k s ^j > id-j-i for some j > 0. 

(c) there exist an integer j with < j < s — 1 such that l(s — j) > d — j , where 
l(t) = min{r k t < i r }- 

Proof. We prove the implication (a) =^ (b) by induction on d. The assertion is trivial for 
d = 1. Now let d > 1, and suppose k s ^j < id-j-i for all j > 0. Then we have, 

h < ids, k 2 < id-s+i, K-i < id-2, k s < i d -i- (3.2) 

Let B = {k 2 , k 3 , . . . , k s }, and set v = ua\b- Then it follows from (11. 2p that v = 
Xi x Xi 2 ■ ■ ■ x~i j • ■ ■ Xi d , where j = min{r k\ < i r }. Since ki < i d - s it follows that j < d — s. 
Therefore the corresponding inequalities (13.21) for B compared with the indices of v hold. 
Since max(t>) = i d and deg(t>) = d — 1, we may apply our induction hypothesis and obtain 
that max(f^) = id- Since ua = vb, we conclude that max(-u^) = i d , a contradiction. 

(b) =4> (a): By assumption, we have k s _ t > i d -t-i for some t > 0. Then \{r k s _ t < 
i r }\ < t + 1. Now we show by induction on j that whenever 

\{r k 8 -j < i r }\ < j + 1 (3.3) 

for some j, then m&x(uA) < id- If j = 0, then (I3.3P implies i r is the unique index of u with 
the property that k s < i T . Therefore it follows from (11.21) that max(« / i) < i d . Suppose now 
that for j > 0, the inequality (13. 3p holds. Let v = = x^x^ ■ ■ • Xi d _._ x Xi d _. +1 ■ ■ -Xi d . 

Therefore the set of indices in v which are greater or equal to k s _j + i is contained in 
the set {i d -j + i, . . . , i d }, whose cardinality is j. Our induction hypothesis implies that 
max(f) < i d . Since max(« J 4) < max(t>), the assertion follows. 

(b) <^=^> (c): It follows from the definition of the function l(t) that l(s — j) > d — j for 
some j > 0, if and only if k s ^j > i d -j-\. □ 
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Given u = x ix x^ - ■ ■ x id and A = {k\ < k 2 < ■ ■ ■ < k s }. Set k = and k s+1 = 
n + 1, we introduce the following numbers. Let / = max{r G [s]o /c r + 1 < /c r +i} where 
[s]o = 0, . . . , s. Then max(SA) = kf+i — 1. Let (7 = max{t z t < — 1}, and set B = 
{kf+i, . . . , k s }. Since «a = (ub)a\b, it follows by Lemma [37TI that max^^) = max(S'A) if 
and only if l(f — j) < g — j for j — 0, . . . , r — 1. Let /i = min{j , > ij + 1} and set 
io = 0. Now we are ready to state our main result. 

Theorem 3.2. Let I C S — K[x\, X2, . . . ,x n ] be squarefree strongly stable principal ideal 
with Borel generator u 7^ x\. With the notation introduced above the following conditions 
are equivalent: 

(a) P A e Ass°°(J). 

(b) (i) mm(uA) > min(S'A) and (ii) max(-u^) = max^^)- 

Moreover, (b)(i) holds if and only if k t = t for t = 0, . . . , h, and (b) (ii) holds if and only 
ifKf-j) <g-jforj=0,...,f-l. 

Proof. One has Pa G Ass°°(/) if and only if G Ass°°(J(Pa))- Therefore, the equivalence 
of (a) and (b) follows from Theorem 12.11 The remaining statements follow from the 
definition of the numbers h, f and g and from Lemma 13.11 □ 

Consider the following simple, concrete example of a squarefree strongly stable principal 
ideal / with Borel generator u = xiX 3 X4X 5 G K[xi, . . . ,x 5 ]. We use Theorem 13.21 to 
determine the subsets A C [5] for which Pa G Ass°°(/). The last column of the table 
gives the smallest power of I k of / with Pa G Ass(/ fc ). 



A 


u A 


Pa 




{2,3,4,5} 


X\ 


(Xx) 


1 


{1,2,5} 


X4 


(x 3 ,x 4 ) 


1 


{1,3,4} 


x 5 


(x 2 ,x 5 ) 


1 


{1,3,5} 


X4 


(X2,X 4 ) 


1 


{1,4,5} 


x s 




1 


{1,2,3} 


x 5 


(x 4 ,x 5 ) 


1 


{1,2,4} 






1 


{1,2} 


X A X b 


(x 3 ,x 4 ,x 5 ) 


2 


{1,3} 




(x 2 ,x 4 ,x 5 ) 


2 


{1,4} 


X3X5 


(x 2 ,x 3 ,x 5 ) 


2 


{1,5} 


£3X4 


(x 2 ,x 3 ,x 4 ) 


2 


{1} 


£3X4X5 


(x 1 ,x 2 ,x 3 ,x 4 ) 


3 
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